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A graphite-prism definition for Avogadro’s “integer”
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The new International System of Units may let us select an integer value for Avogadro’s number.
Some might prefer an integer that’s divisible by 12, so that an integer number of 12C atoms may be
associated (to first order) with a gram’s mass. For educational and practical reasons it may also help
to choose a physically-meaningful definition within measurement error of the current numeric value.
Cubes of diamond face-centered-cubic Si and (much rarer) face-centered-cubic C have been proposed,
but these structures do not have naturally-occurring facets (or numbers of atoms generally divisible
by 12). We show here that graphite prisms formed by stacking m hexagonal graphene sheets, with
m ≡ 51, 150, 060 carbon-12 atoms on each side, are a natural solution that may facilitate generation
of precise molar standards as well.
PACS numbers: 81.05.uf, 06.20.fa, 06.20.Jr, 61.48.Gh
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I. INTRODUCTION
The upcoming revision of the international system of
units1 will give the Avogadro constant NA an exact
numerical value, both as a mass-independent number
of elementary entities and possibly2 as the number of
grams/Dalton regardless of the precise number of Dal-
tons associated with any elementary entity. Thus the
massM(12C) of a 12C atom may become an experimental
quantity (as always affected by neighbor binding interac-
tions) only approximately equal to 12 Daltons3–6. Since
the numeric value of the Avogadro constant will be cho-
sen for consistency with existing values e.g. to 8 signif-
icant figures, this paper discusses physically-meaningful
choices for the other 16 (or more) significant figures.
Most likely agree that if we get to select Avogadro’s
constant as some number of elementary entities (e.g.
atoms or molecules) that it might as well be an integer.
For pedagogical purposes in discussing units for mass, it
might also help7 to make that integer divisible by 12 e.g.
so that one gram is also to first order the mass of an
integer number of 12C atoms.
One strategy for doing this might be to require as
few significant decimal digits as possible to specify the
constant, since most humans use base-10 numbers. For
example 602, 214, 150, 000, 000, 000, 000, 000 is an integer
divisible by 12 that would serve admirably.
The other strategy is to choose the number of atoms
in a relevant physical structure, to make the definition
concrete. Cubes of simple-cubic and face-centered-cubic
carbon8, and of diamond face-centered-cubic silicon7,
have for example been proposed in this context.
The major problems with these choices are that: (i)
simple-cubic carbon doesn’t exist in nature, (ii) fcc car-
bon is at best rare9,10, (iii) none of these structures have
naturally-occurring facets, during growth or cleavage,
that lie on the (100) planes which bound these cubes,
and (iv) symmetry does not dictate that the number of
atoms in these structures is divisible by 12.
We show here that a good approximation (divisible
by 12) is provided by hexagonal graphite prisms with
m graphene-layers having m-atom armchair edges where
m = 51, 150, 060. Graphite in turn is constructed from
graphene sheets whose controlled synthesis at the atomic-
scale is likely to see great progress by nanotechnologists
in the years ahead. The atoms in an individual graphene
sheet can already be counted11, and by extension these
structures in tube form may downstream allow one to
generate macroscopic molar-standards whose accuracy is
limited primarily by one’s ability to cut off a well-defined
length.
II. GROWING GRAPHENE
Our examination of graphene structures begins with
a Mathematica program designed to add “melt-carbon”
atoms to sheets with defects, to examine dendritic crys-
tallization of unlayered-graphene from a non-equilibrium
melt as one possible mechanism to explain the unlayered-
graphene cores12–14 found in a subset of pre-solar
graphite onions. Although the program is designed to
add carbon atoms to sheets with defects, here we’ve sim-
ply added carbon atoms to a flat ”graphene seed”.
In Fig. 1 we start with 24 atoms bounded by a pair of
adjacent “armchair-edge” atoms on each of the 6 sheet-
2FIG. 1: Graphene hexagons of increasing size.
sides for 2 × 6 = 12 surface atoms with only two bonds
and 12 internal atoms with 3 bonds each. This “seed-
state” has 6 + 6 + 12 = 24 atoms, and can be used as a
starting point for “zigzag edge” hexagons as well.
The first growth step (top left to top right) adds three
external edge or “sheet-surface” atoms (with fewer than 3
“bonded” neighbors) between adjacent “arm-chair atom-
pairs”, leaving us now with 24 internal atoms and 3×6 =
18 surface atoms for 42 atoms total. The sequence of
additions now looks like 6 + 6 + 12 + 18 = 42.
The second growth step (top right to bottom left) adds
a singly-bonded edge atom and two doubly-bonded edge
atoms to each of the previous 6 hexagon sides. Now there
are 42 triply-bonded internal atoms, 6× 2 = 12 doubly-
bonded surface atoms and 6×1 = 6 singly-bonded surface
atoms for a total of 60 atoms. The sequence here is 6 +
6 + 12 + 18 + 18 = 60.
Finally we add 4 doubly-bonded edge-atoms on each
side. Now there are 60 triply-bonded internal atoms,
and 6×4 = 24 doubly-bonded surface atoms with a total
of 84 atoms in the same closed-shell arrangement of the
starting sheet. The sequence is now 6 + 6 + 12 + 18 +
18 + 24 = 84.
One possible pattern of atom-increments is
(0) + 6 + 6 + (12) + 18 + 18 + (24) + 30 + 30 +
(36) + 42 + 42 + (48) etc. The totals would then read
(0), 6, 12, (24), 42, 60, (84), 114, 144, (180), 222, 264, (312)
etc. Jumping only between the “closed-shells” (with
dips between pairs at each corner) in parentheses,
the total number of carbon atoms goes through
0, 24, 84, 180, 312, 480 etc. with 0, 6, 12, 24, 36, 48, 60 etc.
edge-atoms respectively.
The closed-shell recurrence relation for the total num-
ber N of atoms therefore looks like Nn+1 = Nn+3Sn+24,
where the number of edge-atoms Sn+1 = Sn + 12. From
this, it looks like closed shells with n arm-chair atom-
FIG. 2: Stacking graphene ⇒ graphite.
pairs along each of 6 sides (i.e. 2n “edge-atoms”) contain
Nhex = 6n(1 + 3n) = 3m + 9m
2/2 carbon atoms with
Shex = 12n = 6m atoms on the hexagonal sheet edge, in
terms of the number of atom-pairs n = 0, 1, 2, etc. and
the number of atoms m ≡ 2n = 0, 2, 4, etc. on each side.
III. STACKING HEXAGONS
Now consider an even-integer number of m hexago-
nal graphene-sheets in a graphite stack, such that m
atoms on each hexagonal sheet-edge yields a total number
of carbon atoms closest to our standard value for Avo-
gadro’s number. The even-integer choice of m for atoms
on the side of a closed-shell sheet comes from their natu-
ral pairing along the sheet edges, while the even-integer
choice of m for number of sheets arises from symme-
try considerations because the Bernal-structure15 ABAB
unit cell16 is two-layers thick in the (002) direction as
shown in Fig. 2.
The number of atoms in a hexagonal prism constructed
in this way, with an even number of m hexagonal sheets
with m-atoms per armchair edge, is:
Ntotal = mNhex = 3m
2 + 9m3/2. (1)
If m = 0, the Ntotal = 0. If m = 2, Ntotal = 2 × 24 = 48
atoms. If m = 4, Ntotal = 4× 84 = 336 atoms, etc.
Although not obvious at first glance, Ntotal will always
be divisible by 12. One can see this from our physical
model by pointing out that any structure with evenm can
separated into two equal layer-sets, each of which in turn
(by symmetry) can be divided into six equal pie-slices.
Mathematically, this is true sinceNtotal/12 = (m/2)
2(1+
3(m/2)) is an integer if m is even.
Of course we are looking for m such that
Ntotal becomes Avogadro’s number. For example
3FIG. 3: Possible factors for Avogadro’s number as a
physically-realizable number of carbon atoms, divisible by 12.
a faceted graphite-crystal with a set of m (002)
graphene sheets, each of which has m atoms along
the sheet hexagonal edges that make up the 6
{110} facets, would for m = 51, 150, 060 have
602, 214, 158, 510, 196, 804, 982, 800 atoms which com-
pares nicely to current approximations.
The result of this choice for m is closer to the current
experimental value 6.0221415×1023 than is the best (but
non-realizable simple-cubic) model proposed in the Fox
article about carbon cubes8. It is also closest of those
proposed models to the value of 6.02214179× 1023 rec-
ommended here17, and subtracting 2 from this value of m
will put it closer to the lower value of 6.02214078× 1023
based on Si-28 measurements here18.
The coincidental nature of this result is emphasized
by the fact that the best multiple-of-12 match to Avo-
gadro’s number with a zigzag-edge graphite prism (with
m = 46, 472, 916) is only accurate to 6 instead of 8 dec-
imal points. Literature on monolayer and folded sheets
suggest that both types of edges occur19, although arm-
chair may be slightly more abundant20. Bilayer edges
appear even more stable21, although ways to choose
armchair over zigzag edges on macroscopic prisms (e.g.
grown from a Ni melt) remain unclear at this point22.
Edge and corner reconstructions might further compli-
cate the maintenance of structure at the atomic scale, on
a “mole-sized” standard in particular.
The resulting armchair-graphite hex-prism would be
about 1.71 cm thick, and have a (circumscribed-cylinder)
diameter (twice the length of one side) of about 2.18 cm.
A hexagonal prism like this is already approximately one-
mole of carbon. If the physical model discussed here is
used to redefine Avogadro’s number, to the extent that
Carbon-12 has a mass at or near 12 Daltons then one
gram would be near if not equal to the mass of NA/12 =
50, 184, 513, 209, 183, 067, 081, 900 atoms of 12C as well.
The divisibility of this suggested integer is related to
its high factorability. As shown in Figure 3, the factors
include five factors of 2 and five factors of 3. The hex-
prism layer/side integerm = 51, 150, 060 is also relatively
FIG. 4: Electron phase-contrast image of a single-walled car-
bon nanotube23 not much larger in diameter than a buckyball.
factorable, with two factors of 2, two of 3, and one each
of 5, 13 and 21859.
IV. DISCUSSION
The Avogadro constant is in essence a conversion fac-
tor between atom-scale and macroscopic units. Its scale
size is therefore specified to many significant figures his-
torically, by the relationship between macroscopic and
atomic units of mass. If the new international sys-
tem allows us to select an exact value for this constant,
there may be scientific and pedagogical value for using a
physically-meaningful model.
The scientific value, for example, might be found in
our ability to construct and maintain precise molar/mass
standards by simply counting the number of atoms (e.g.
with an electron microscope) to make sure all atoms are
still there before putting the standard to use. Carbon
and its graphite/graphene structures are already among
the most intensely-studied by nano-technologists, and
the most stable at least in the absence of hot oxygen
or molten iron.
Thus a machine able to “turn-out” a nanotube of arbi-
trary length might be able to dispense molar quantities
precisely defined by that length, since for instance a one-
meter length of the 1 nm diameter tube shown in the
experimental image (Fig. 4) would contain only ≃ 200
femto-moles of carbon. Note that the experimental un-
certainty associated with exact molar quantities in the
new SI will reside in the component masses, including
M(12C), and interaction binding energies rather than in
the molecule to mole conversion itself as is the case today.
In fact, specimens small enough11,24 in which to “count
and measure the positions of carbon atoms” might some-
day facilitate improved experimental determinations of
M(12C) in Daltons (and hence the number of grams per
mole). The new-SI distinctions between number of atoms
and specimen mass might be helpful for experiments with
an interest in sub-ppb accuracy, like this, because mass-
deficits associated with chemical-bond geometry become
significant below the ppb level since particles add simply
4FIG. 5: Three-dimensional print of a graphite m = 4 hex-
prism at 100pm to 3mm scale, with 13 pm height-contours.
but masses do not.
Independent of our ability to manufacture and main-
tain 12-gram (or much smaller) graphite standards which
contain a precise number of moles of 12C, on the pedagog-
ical front one can certainly build graphite and “pretend-
graphite” models of the hexagonal prism. Figure 5 illus-
trates an m = 4 hex-prism, with a form-factor similar to
that of the m = 51, 150, 060 version. This can be con-
structed in the rescaled size of the Avogadro’s number
prism using today’s 3D printing technology.
Boltzmann’s constant in the new-SI might similarly
be defined as a conversion factor25 using d(S/kB)/dE =
1/(kBT ) to define 1 [J/K] as 1/kB [nats] ≡ 1/(kB ln[2])
[bits] of uncertainty. A target kB value (to arbitrary peci-
sion) might thereby be used to define the J/K “informa-
tion unit” in [bits] as the product of a binary multiple
(e.g. 261) times a prime number (e.g. 45, 317).
Acknowledgments
Co-author PF stumbled upon the coincidental match
between this structure and present values for Avogadro’s
number, while co-author ML has been instrumental in
our calculation of zig-zag versus arm-chair edge-energies
as well as in clarifying the presentation.
∗ pfraundorf@umsl.edu
1 Resolutions adopted by the General Conference on Weights
and Measures (CGPM) at its 25th meeting (Bureau Inter-
national des Poids et Mesures, 2014).
2 B. P. Leonard, Metrologia 49, 487 (2012).
3 I. M. Mills, P. J. Mohr, T. J. Quinn, B. N. Taylor, and
E. R. Williams, Metrologia 43, 227 (2006).
4 T. P. Hill, J. Miller, and A. C. Censullo, Metrologia 48, 83
(2011).
5 N. Wheatley, Metrologia 48, 71 (2011).
6 M. J. T. Milton, Metrologia 50, 158 (2013).
7 V. V. Khruschov, Measurement Techniques 53, 583 (2010).
8 R. Fox and T. Hill, American Scientist 95, 104 (2007).
9 I. Konyashin, V. Kohvostov, V. Babaev, M. Guseva,
J. Mayer, and A. Sirenko, International Journal of Refrac-
tory Metals & Hard Materials 24, 17 (2006).
10 A. Tapia, G. Canto, G. Murrieta, and R. de Coss, JETP
Letters 82, 120 (2005).
11 O. L. Krivanek, M. F. Chisholm, V. Nicolosi, T. J. Penny-
cook, G. J. Corbin, N. Dellby, M. F. Murfitt, C. S. Own,
Z. S. Szilagyi, M. P. Oxley, et al., Nature 464, 571 (2010).
12 T. Bernatowicz, R. Cowsik, P. C. Gibbons, K. Lodders,
S. Amari, and R. S. Lewis, Astrophysical Journal 472,
760 (1996).
13 P. Fraundorf and M. Wackenhut, Astrophysical Journal
Letters 578, 153 (2002).
14 E. Mandell, Ph.D. thesis, University of Mis-
souri - St. Louis and Rolla (2007), URL
https://apps.umsl.edu/webapps/weboffice/ETD/search.cfm.
15 J. D. Bernal, Proceedings of the Royal Society of London,
Series A 106, 749 (1924).
16 J. C. Charlier and J. P. Michenaud, Physical Review
B: Condensed Matter and Materials Physics 46(8), 4531
(1992).
17 I. M. Mills, Chem. Int. 32, 12 (2010).
18 B. Andreas, Y. Azuma, G. Bartl, P. Becker, H. Bettin,
M. Borys, I. Busch, M. Gray, P. Fuchs, K. Fujii, et al.,
Physical Review Letters 106, 030801 (2011).
19 P. Koskinen, S. Malola, and H. Hakkinen, Physical Review
Letters 101, 115502 (2008).
20 Z. Liu, K. Suenaga, P. J. F. Harris, and S. Iijima, Physical
Review Letters 102, 015501 (2009).
21 L. Qi, J. Y. Huang, J. Feng, and J. Li, Carbon 48, 2354
(2010).
22 S. Amini and R. Abbaschian, Carbon 51, 110 (2013).
23 C. J. Unrau, R. L. Axelbaum, and P. Fraundorf, Journal
of Nanoparticle Research 12, 2125 (2009).
24 M. M. J. Treacy, T. W. Ebbesen, and J. M. Gibson, Nature
381, 678 (1996).
25 P. Fraundorf, Am. J. Phys. 71(11), 1142 (2003).
